AP FRQ Review — Mr. Rich Name: Per: Seat:

AP Calculus AB
Topic 10: Functions, Miscellaneous

Let 1 be a function defined by j(x}= {1 g freesio
e for x > 0,
(a) Show that J is contimous at x = 0,
(®) For x =0, express f"(x) as a piecewise-defined function, Find the value of x for which S 'fx) =-3
(¢) Find the average value of f on the interval [-1,1]. | o
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Let f be a function defined by f(x)= {l ~2sinx forx<0
e forz > 0,

(a) Show that J is continuous at x = 0,

(®) For x =0, express f(x) as a piecewise-defined function. Find the value of x for which s 'fx) =<3,

(¢} Find the average value of f on the interval [-1, 1],

a) lim (1-2sinyx)=1 : : i
() x_}o_( ) | 2 : analysis

lim e =
r—=0*

f(0) =1
So, mf(x) = f(0).

Therefore, f is continuous at x = 0,

-2cosx forx <0
® -

2: f'(x)
=4x
—de forx >0 { 1:valveof x

—2c0s x # —3 for all valuésof x < 0.

=4 x P ___l_ E
~4e™"" = =3 when x = 4111(4)}0.

ity = -Lp(3]
Therefore, f'(x)=-3 for x = 3 (4)

© [\ rmac= [ fxyane [ 7y as (1 [0 26inx) de ana [e
- ’ 4: e

= E (1-2sinx)de + _f et gy ? :nn:;:rnvatwes
. - i

'—'[x+2cosxlr=ml +[ 7¢ ]M

= (3 - 2e0s(-1) + -3¢+ J)

Average value = — I S(x)ax

13 1 -4
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Let g be the piecewise-linear function defined on [27, 47]

whose graph is given above, and let f(x) = g(x) — cos (%)

4
(a) Find J_; f(x) dx. Show the computations that lead to your

answer. 4

(b) Find all x-values in the open interval (—2x, 4x) for which f
has a critical peint.

(©) Let h(x) = j:"g(x) dt. Find h‘(—-‘;i).
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Let g be the piecewise-linear function defined on [27, 47]

whose graph is given above, and let f(x) = g(x) — cos (%)

4
(a) Find J_; f(x) dx. Show the computations that lead to your

answer. § : —
. N 2z O 4t
(b) Find all x-values in the open interval (—2x, 4x) for which f
has a critical peint. Graph of g

(©) Let h(x) = j:"g(x) dt. Find h‘(—-‘;i).

4 4x T
(a) j_h_ f(x)dx = J:h (g(x) - cos(%)) dx - 1 - antiderivative
ik 1 : answer
s Gt = Duin [
=6 [25111(2]]”:“2}r
= 67°
1 1+ %sin(%} for 2zxr <x <0 J
) f(x)=g()+ Esin(%) = : —(cos(ﬁ))
- +-1-sin(-"£) forQ<x<dm a“ #
22 2 4+ 1 8'(x)
rx=0
F'(x) does not exist at x = 0. cx =1
For 27 < x <0, f'(x)=0.
For 0 < x < 47z, f'(x) =0 when x = &
f has critical points at x = 0 and x = &.
(¢) H(x)=g(3x)-3 5.]2¢ H(x)
" | 1:answer

}z'(—%) =3g(-7)=3x
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The function f is defined by f(x) = 25— x* for -5 < x < 5.
(a) Find f'(x).
(b) Worite an equation for the line tangent to the graph of f at x = 3.

) f(x) for-5<x<-3
¢) Let g be the function defined =
el et B Re Mo dohined By 2N {x-&-'}' for-3 < x<5.

Is g continucus at x = —3 ? Use the definition of continuity to explain your answer.

(d) Find the value of j; 225 — 2 dx.
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The function f is defined by f(x) = 25— x* for -5 < x < 5.

(a) Find f'(x).

(b) Worite an equation for the line tangent to the graph of f at x = 3.

(c) Let g be the function defined by g(x) ={

flx) fer-55x=<-3
x+7 for=3<x<5.

Is g continucus at x = —3 ? Use the definition of continuity to explain your answer.

(d) Find the value of j; 225 — 2 dx.

1 -1/2 _
(2) f’(x)—f(ﬁ-xz) (—2x) = 25jx2’ S<x<5

®) f(3)=pies=1

f(-3)=+25-9=4

i

An equation for the tangent line is y = 4 + %(x +3).

x— x—-3

(e) Ilim g(x)= lim f{x)= lim V25— =4
-3

Iim g(x)= lim (x+7)=4

x—-3* x=3*%

Therefore, xli@]‘[_l.a g(x)=4.
g(=3) = f(-3) = 4
So, lim, g(x) = g(-3).

Therefore, g is continuous at x = =3,

(d) Letu=25-%> = du=—2xdx
5 0
j 25— 32 dx=—1j' Vi du
0 2425
=0
- [_L .Eumr
23 =25
125

=—Lro_125) =125
=—3(0~125) = =3

2: f1(x)

2:{1:1"’(—3)

12 answer

73 { 1 : considers one-sided limits
" | 1 : answer with explanation

{ 2 : antiderivative
1 : answer
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Grass clippings are placed in a bin, where they decompose. For 0 < 7 < 30, the amount of grass clippings
remaining in the bin is modeled by A(¢) = 6.687(0.931)", where A(¢) is measured in pounds and ¢ is measured
in days.

(a) Find the average rate of change of 4(7) over the interval 0 < ¢ < 30. Indicate units of measure.

(b) Find the value of 4'(15). Using correct units, interpret the meaning of the value in the context of the
problem.

(¢) Find thetime ¢ for which the amount of grass clippings in the bin is equal to the average amount of grass
clippings in the bin over the interval ¢ < ¢ < 30.

(d} For ¢ >30, L(t), the linear approximation to 4 at ¢ = 30, is a better model for the amount of grass
clippings remaining in the bin. Use L(#) to predict the time at which there will be 0.5 pound of grass
clippings remaining in the bin. Show the work that leads to your answer.
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Grass clippings are placed in a bin, where they decompose. For 0 < 7 < 30, the amount of grass clippings
remaining in the bin is modeled by A(¢) = 6.687(0.931)", where A(¢) is measured in pounds and ¢ is measured
in days.

(a) Find the average rate of change of 4(7) over the interval 0 < ¢ < 30. Indicate units of measure.

(b) Find the value of 4'(15). Using correct units, interpret the meaning of the value in the context of the
problem.

(¢) Find thetime ¢ for which the amount of grass clippings in the bin is equal to the average amount of grass
clippings in the bin over the interval ¢ < ¢ < 30.

(d} For ¢ >30, L(t), the linear approximation to 4 at ¢ = 30, is a better model for the amount of grass
clippings remaining in the bin. Use L(#) to predict the time at which there will be 0.5 pound of grass
clippings remaining in the bin. Show the work that leads to your answer.

A(30) — 4(0)

(@) =555 =0.197 (or ~0.196) Ibs/day 1 : answer with units
(b) 4'(15) = -0.164 (or —0.163) ,.[1:409)
" | 1 :interpretation

The amount of grass clippings in the bin is decreasing at a rate
of 0.164 (or 0.163) Ibs/day at time ¢ = 15 days.

o1 %
© A@) = o= [P A} dt = 1 = 12.415 (or 12.414) 2:4 1 30!0 Alt) dt
307 1 : answer
(d) L(#) = A(30) + A'(30) - ( - 30) 2 : expression for L{z)
4::1:L{z)=0.5

A'(30) = —0.055976
A(30) = 0.782928

1 : answer

L(ty =05 = 1 =35.054
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Let f be the function given by f(z) = 276’

(a) Find lim f(z)and lim f(x).

(b) Find the absolute minimum value of f. Justify that your answer is an absolute minimum.
(c) What is the range of f7

(d) Consider the family of functions defined by y = bzeb™ where b is a nonzero constant. Show
that the absolute minimum value of bre® is the same for all nonzero values of b.
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Let f be the function given by f(z) = 276’

(a) Find lim f(z)and lim f(x).

(b) Find the absolute minimum value of f. Justify that your answer is an absolute minimum.
(c) What is the range of f7

(d) Consider the family of functions defined by y = bzeb™ where b is a nonzero constant. Show
that the absolute minimum value of bre® is the same for all nonzero values of b.

(a) lim 2ze?* =0 1: Dasz— —o0
T——0D0 2
1: ocor DNE as » — o0
lim 2ze* =00 or DNE
(b) f’(:n) =2 4972 = QE’.Qm(l +22)=0 ( 1: solves f"(:{:) =0
ife=-1/2 1: evaluates f at student’s critical point
f(=1/2) = —1/e or —0.368 or —0.367 0/1 if not local minimum from
student’s derivative
—1/e is an absolute minimum value because: 3 o o
1:  justifies absolute minimum value
(i) f'(z)<Oforall z < —1/2 and 0/1 for a local argument
fl(z)y>0forall z > —1/2 0/1 without explicit symbolic
derivative
—or—
, Note: 0/3 if no absolute minimum based on
(ii) f'(z) _ : - student’s derivative
~1/2
and = = —1/2 is the only critical
number
(¢) Rangeof f =[-1/e,00) 1: answer
or [~0.367, 00) Note: must include the left-hand endpoint;
or [—0.368, ) exclude the right-hand “endpoint”
(d) y =be" 4 b?xe"™ = be" (1 4+ bx) =0 1: setsy =beP(1+b2x) =0
ife=-1/b 3 1:  solves student’s y' =0
Atz =-1/b,y=—1/e 1:  evaluates y at a critical number
y has an absolute minimum value of —1/e for and gets a value independent of b
1 ro b
o fofzero Note: 0/3 if only considering specific
values of b
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A cubic polynomial function fis defined by
flz) = 42° 4 az’ + b +

where a, b, and k are constants. The function f has a local minimum at » = —1, and the graph
of fhas a point of inflection at + = —2.

(a) Find the values of a and b.

!
(b) If Io f(z)dz = 32, what is the value of k ?
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A cubic polynomial function fis defined by

flz) = 473 + ar’ + bx + &

where a, b, and k are constants. The function f has a local minimum at » = —1, and the graph

of fhas a point of inflection at + = —2.

(a) Find the values of a and b.

1
(b) If IU f(z)dz = 32, what is the value of & ?

(a) f'(z) =122 + 2a2 + b 1 f(2)
f(z) = 242 + 2a 1:7"(z)

5:11:7(-1)=0
f-1)=12-2a +5=0

1 :f”{—?-) =10
1" _ 9.
f[:—ﬂ)_ 45 4+ 2a =10 1-a b
a= 24
b= —124 2a = 36
(b) [.1(433 + 2422 + 362 + f;)da:" [ 2 - antidifferentiation
LZ D

< — 1 = each error

— 2* + 82% +182° + ha| ) = 27 + k 4-

1 : expression in k

1:-k

27+ k= 32
Jill':'l.:)
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Let i be a function defined for all » = 0 such that h(4) = —3 and the derivative of £ is given

by h(z) = 2 forall z = 0.

r

(a) Find all values of x for which the graph of / has a horizontal tangent, and determine
whether h has a local maximum. a local minimum, or neither at each of these values.
Justify your answers.

(b) On what intervals, if any, is the graph of i concave up? Justify your answer.

(¢) Write an equation for the line tangent to the graph of h at » = 4.

(d) Does the line tangent to the graph of h at # = 4 lie above or below the graph of & for
z > 47 Why?
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Let i be a function defined for all » = 0 such that h(4) = —3 and the derivative of £ is given

22 -2
by h'(z) = - forall z = 0.

r

(a) Find all values of x for which the graph of / has a horizontal tangent, and determine
whether h has a local maximum. a local minimum, or neither at each of these values.
Justify your answers.

(b) On what intervals, if any, is the graph of i concave up? Justify your answer.

(¢) Write an equation for the line tangent to the graph of h at » = 4.

(d) Does the line tangent to the graph of h at # = 4 lie above or below the graph of & for
z > 47 Why?

(a) A(z)=0 at + = £J2 12 =+£2
1 : analysis
R(z) _ [Ij + urlld — 9 + 4: 2 : conclusions
I ! [ < —1 > not dealing with
x —/2 0 NG dizcontinuity at 0

Local minima at z = —+/2 and at » = /2

[ . "
(b) A'(z)=1+ % > 0 for all # = 0. Therefore, 1: ki)
T

] 3:11:r"x)>0
the graph of h is concave up for all = = 0.
1 : answer

16—-2 7
R'(4) = = -
(0 way=1"2=1
7
y+ 3= E(r - 4) 1 - tangent line equation
(d) The tangent line is below the graph because 1 : answer with reason

the graph of h is concave up for « > 4 .
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Let f be the function defined by
JrL£] for0<z <3

ﬂx):[&—:r for 3 <z <5
(a) TIs f continuous at # = 37 Explain why or why not.
(b) Find the average value of f(z) on the closed interval 0 < » < 5.

(c) Suppose the function g iz defined by

olz) = mr+2 ford <z <25,

[kqa?+1 for0<2 =<3

where k& and m are constants. If g is differentiable at # = 3. what are the values of & and m ?
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Let f be the function defined by
JrL£] for0<z <3
fa) = h—zx for 3 <z <5

(a) TIs f continuous at # = 37 Explain why or why not.

on

(b) Find the average value of f(z) on the closed interval 0 < z <
(c) Suppose the function g iz defined by

Bz +1 for0<z <3

g(:r) - lm:,r.—|-2 for 3<x<5H

]

where k& and m are constants. If g is differentiable at # = 3. what are the values of & and m ?

(a) f 1s continuous at ¢ = 3 because 1 : answers “yes” and equates the
Im f(z) = Im f(z) = 2. values of the left- and right-hand
—3 a—3" 9 - o
Therefore, limgf(r) =2 = f(3). limits
o 1 : explanation involving limits
] 3 B 3 b
(b) fo fle)de = fo £(z) d;«—L f(z)dz 1: !sfo f(x)au«—faL f(z)dz
2 303 1 5\ P where & = 0
:7[r+])/§ —i—(ﬁr—_—.rg) . ( )
3 0 2 3 41 1: antiderivative of z + 1
_(E_E)JF(Q_‘F’_E)—@ 1 - antiderivative of 5
=3 3 5 5 )= 3 - antiderivative of 5 — «
1 : evaluation and answer
1 pd 4
Average value: gﬁ} flz)de = 3

1:2F=3m +2

(¢) Since g 1s continuous at » = 3, 2k = 3m + 2.

k k
— for0 <z <3 3:91: —=
g’r(.r) =12z +1 o * 4 m
m for3 <z <5 1 : values for & and m

hm ¢'(z) = Z and lim g'(z) = m
r—3 4 a—37

Since these two limits exist and ¢ 13

differentiable at » = 3. the two limits are

5
equal. Thus — = m.

8m:3m—2;m:§and =
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2
Functions f, g, and h are twice-differentiable functions with g(2) = h(2) = 4. The line y = 4 + ;(r —2)is
tangent to both the graph of g at x = 2 and the graph of h at x = 2.
(a) Find h'(2).

(b) Let a be the function given by a(x) = 3x°h(x). Write an expression for a’(x). Find a’(2).

2
x—4
(c) The function h satisfies h(x) = ri:; for x # 2. It is known that lim h(x) can be evaluated using
1 (f(x)) x2
L'Hospital’s Rule. Use lim h(x) to find f(2) and f’(2). Show the work that leads to your answers.

x—2

(d) It is known that g(x) < h(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for
I < x < 3. Is k continuous at x = 2 7 Justify your answer.
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2
Functions f, g, and h are twice-differentiable functions with g(2) = #(2) = 4. The line y =4 + E(_r —2)is

tangent to both the graph of g at x = 2 and the graph of /i at x = 2.

(a) Find I'(2).

(b) Let a be the function given by a(x) = 3x"h(x). Write an expression for a’(x). Find a’(2).

Z_
(c) The function h satisfies h(x) =

for x # 2. It is known that lim A(x) can be evaluated using

- (F)Y 12

L'Hospital’s Rule. Use lim h(x) to find f(2) and f"(2). Show the work that

x—2

{d) Itis known that g(x) < h(x) for 1 < x < 3. Let k be a function satisfying g(x

1 < x < 3. Is k continuous at x = 2 7 Justify your answer.

leads to your answers.

) < k(x) £ h{x) for

{6)

?753?;/2 Frem Jongent live emuvation
0 O

™

b) alx)=32x"hix)

Al 3L F A hlx)

Ay YRR FAN RS
-

RENIESY4 ANV OO RN TS /40 -

}T@ =t e T T

)//S'(y\\

—t% L W(X) _ron_be. co]ved) USM, LH&p&«)f Pule , then |

| X'*;l

=% j[ Eol S;/ﬂ-l

be_ /omemuouS NN

;LEU’{“ a‘fso Swee WD 1s Jwice - dr—%‘@n-lrahb ' must
a L 58

el
T 4 b= ENEELE
_L INESNN |
R ﬁz‘”ﬁﬂfﬁ""? 34”;\ S5 S
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