AP FRQ Review — Mr. Rich Name:

AP Calc AB
Topic 4: Slope Fields with Differential Equations

ay _ x+1

Consider the differential equation = p

(a) On the axes provided, sketch a slope field for the given differential equation at the
twelve points indicated, and for ~1 < x <1, sketch the solution curve that passes

through the point (0, -1).
(Note: Use the axes provided in the exam booklet.)

(b) While the slope field in part (a) is drawn at only twelve points, it is defined at every
point in the xy-plane for which y # 0. Describe all points in the xy-plane, y # 0, for

ch P o
whmh‘&— 1,

(c) Find the particular solution y = f(x) to the given differential equation with the initial
condition 7(0) = 2.
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Consider the differential equation % = X+

=g
(@) On the axes provided, sketch a slope field for the given differential equation at the ¥
twelve points indicated, and for ~1 < x < 1, sketch the solution curve that passes . u .
through the point (0, ~1).

(Note: Use the axes provided in the exam booklet.) - 4 '
(b} While the slope field in part (a) is drawn at only twelve points, it is defined at every "
point in the xy-plane for which y # 0. Describe all points in the xy-plane, y + 0, for o

- | -
ch dy _ .
whi e 1
» =32 -
(c) Find the particular solution y = f(x) to the given differential equation with the initial
condition f(0) = -2.
(@) y 1 : zero slopes
A
2 3: 9 1:nonzero slopes
e~ el 1 : solution curve through (0, -1)
-~ ly s
_y j r
E Ly !
—.— _2"‘!»,
b -1= x_;_l_ =y=—x-1 1 : description
dy ;
R;=-1 forall (x, y) with y=—x—1 and y #0
() Iy dy = J'(x +1) dx 1 : separates variables
yz 2 1 : antiderivatives
T=T""‘:+C 5: 4 1:comstant of integration
(-2 o 1 : uses initial condition
5 =T+0+C=>C=2 1 :solves for y
2 _ .2
yo=x"+2x+4 ;
. . Note: max 2/5 [1-1-0-0-0] if no
Since the solution goes through (0,—2), y must be constant of integration
negative. Therefore y = —Vx? + 2x + 4. Note: 0/5 if no separation of variables

AP Calc AB FRQ Review — Topic 4: Slope Fields With Differential Equations Page 2 of 22



2
Solutions fo the differential equation % = xp° also satisfy % =y (I +3x? yz). Let y= f(x) bea

particular solution to the differential equation —?x—] = xp° with (1) = 2.

(@) Write an equation for the line tangent to the graph of y = f(x) at x = 1.

(b) Use the tangent line equation from part (a) to approximate f(1.1). Given that /(x) >0 for I <x <1.1, is
the approximation for f(1.1) greater than or less than f(1.1) ? Explain your reasoning.

(c) Find the particular solution y = f(x) with initial condition /(1) = 2.
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2
Solutions to the differential equation % = ng3 also satisfy % =y (I +3x2 yz). Let y= f{x) bea
particular solution to the differential equation —g— = xy® with (1) =2.
(&) Write an equation for the line tangent to the graph of y = f(x) at x =1.

(b) Use the tangent line equation from part (a) to approximate f(1.1). Giventhat f(x) >0 for 1< x <1.1, is
the approximation for #(1.1) greater than or less than f(1.1) ? Explain your reasoning.

(c) Find the particular solution y = f(x) with initial condition f(1) = 2.

; I74
@ ro=73 =8 1o
dx g, 2 2:
I 1 : answer
An equation of the tangent lineis y = 2+ 8(x—1).
® f(O.1)=238 5. { 1 : approximation
Since y = f(x) > 0 on the interval 1< x < 1.1, " | 1 : conclusion with explanation

2
% = y*(1+3x?y*) > 0 on this interval.

Therefore on the interval 1 < x < 1.1, the line tangent to the
graph of y = f(x) at x =1 lies below the curve and the
approximation 2.8 is less than f(1.1).

{c) % = xy3 1 : separation of variables
1 : antiderivatives
LU ves
Jya Y= Jx 5:4 1:constant of integration
2 1 : uses initial conditicn
_21_2 %4_(;' 1 : solves for y
y
2 . .
oo . I S N - Note: max 2/5 [1-1-0-0-0] if no
2.22 2 8 constant of integration
2= 1 Note: 0/5 if no separation of variables
5_.2
= —x
4
2 J5 V5
X)m———, ——<X<—
o=t 5 :
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At the beginning of 2010, a landfill contained 1400 tons of solid waste. The increasing function # models
the total amount of solid waste stored at the landfill, Planners estirate that will satisty the differential

equation % = %(W —300) for the next 20 years. W is measured in tons, and ¢ is measured'in years from
the start of 2010, ' '
-(a) Use the lirie tangent to the gitaphof W at t = © to approximate the amount. of solid waste that the landfill

contains at the end of the first 3 months of 2010 (time ¢ = 71;-).

2

2
(b) Find dd Tg’ in terms of W. Use tpzy to deterniine whether your answer in part (a) is an underestimate or
: £ I3

an overestimate of the amount of solid waste that the landfiil contains at time 7 =

N

(c) Find the particular solution W = W (¢) to the differential equation dd;’:r = fls"(W —300) with initial

condition W(0) = 1400,
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At the beginning of 2010, a landfill contained 1400 tons of solid waste. The increasing function # models
the total amount of solid waste stored at the landfill, Planners estimate that W will satisfy the differential
dW

equation . s %{W —300) for the next 20 years. W is measured in tons, and ¢ is measured'in yeats from

the start of 2010,
-(a} Use the liric tangent to the graphof W at £ = { to approximate the amount. of solid waste that the landfill
contains at the end of the first 3 months of 2010 (time ¢ = %).

2 2
(b) Find d:zr in terms of ‘7. Use 'ddlf to determiine whether your answer in part (a) is an underestimate or
’ I

an overestimate of the amount of solid waste that the landfi{l contains at time ¢ = %

() Find the particular solution 7 = #(7) to the differsntial equation "T":’ . il's“(-W —300) with initial
condition #(0) = 1400. “

L dW ___]_ _ ___1_.' _ - . E{HL B
@ Fr|_, =7507(0)~300) = (1400 - 300) = 44 ). {1_, 7 w10
The tangent line is y = 1400 + 44¢, 1 :answer |
1Y 1\ _ B
W(E] ~ 1400 + 44(4) = 1411 tons
dZW_ldW_l 5 ] ,sz'V
‘m : " | 1: anstwer with reason
Therefore, #7- > 0 o1 the interval 057 < L, answ ome

dt* 4
The answer in part (a) is an underestimate.

(©) % = 'ZI—S(W —300) 1 : separation of variables
1 1 1 : antiderivatives
f i = f 35 & 514 1:constant of integration
W =300 25 . : : ! niegration
| — 300! = L C 1 : uses inifial condition
7 200 = P 1 1 solves for 7

1

In (1400 —300) = 5=(0) + C = In(1100) = C

( ) 25.( ) > b ) Note: max 2 / 5 [1-1-0-0-0] if no constant of

Ly integration ' '
= 25 )
W —300 =1100e ] Note: 0/5 if no separation of variables
el

W(£)=300+1100e?, 0<¢<20
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The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(¢) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

dB _ 1
o =5(100-B).

Let y = B(¢) be the solution to the differential equation above with initial condition B(0Q) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it

weighs 70 grams? Explain your reasoning. 1ot
2 2 2
(b) Find %TB in terms of B. Use % to explain why the graph of B &
£ £
cannot resemble the following graph. 2
(c) Use separation of variables to find y = B(z), the particular solution to 0

the differential equation with initial condition B(0) = 20.
Time (days)
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The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time r = 0, when the bird is first weighed, its weight is 20 grams. If B(¢) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

dB _ 1100 -
& = 5(100-B)
Let y = B(t) be the solution to the differential equation above with initial condition B(Q) = 20.
(@) Is the bird gaining weight faster when it weighs 40 grams or when it
weighs 70 grams? Explain your reasoning. oy
2 2 2
(b) Find %TB in terms of B. Use % to explain why the graph of B &
t Z
cannot resemble the following graph. 3
(c) Use separation of variables to find y = B(¢), the particular solution to o
the differential equation with initial condition B(0) = 20. 0
Time (days)
daB 1 . dB
(@) r -3(60) =12 2. 1 :uses 7
1 : answer with reason
dB _1 _
A 5(30) =6
dB dB T
Because — — , the bird is gainin
dt]g=gp  dt|p=10 i
weight faster when it weighs 40 grams.
® d*B _ _1dB _ L. laoo-m) =-L@oo-n 1 LB ¢ rmeof B
d® ~ SdtT 535 T 25 Z7 T di?
Therefore, the graph of B is concave down for 1 : explanation
20 £ B < 100. A portion of the given graph is
concave up.
(c) % = %(100 - B) 1 : separation of variables
1 1 1 : antiderivatives
j100_3d3=f§d‘ 5: 4 1 :constant of integration
“In}100 - B = liic 1 - uses initial condition
5 1 : solves for B
Because 20 < B <100, [100— B| =100 - B.
~1n(100 — 20) = l(O) +C = —In(80)=C Note: max 2/5 [1-1-0-0-01 if no constant of
3 integration
100 — B = 80¢™/°
B(r) =100 -80¢™/%, £>0 Note: 0/5ifno separation of variables
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Consider the differential equation % =g (3:!:2 - 6x). Let y = f(x) be the particular solution to the

differential equation that passes through (1, 0).

(a) Write an equation for the line tangent to the graph of f at the point {1, 0). Use the tangent line to
approximate f(1.2).

(b) Find y = f(x), the particular solution to the differential equation that passes through (1, 0}.
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Consider the differential equation % = ¢” (33:2 - Gx). Let y = f(x) be the particular solution to the

differential equation that passes through (1, 0).

(a) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the tangent line to
approximate f(1.2).

(b) Find y = f(x), the particular solution to the differential equation that passes through (1, 0}.

@ Y =e°(3-12—6-1)=—3 1:Qatrhepoim (x, ) = (1,0)

(s 13=01,0 : &
( ¥)=(L.0) 3: 1 : tangent line equation

1 : approximation

An equation for the tangent line is y = -3(x —1).

f(1.2) % =3(1.2~1) = =0.6

(b) %’— = (3x2 — Gx) dx 1 : separation of variables
¢ dy 2 : antiderivatives
j 7 _’. (sz - 6x) dx 6: ¢ 1:constant of integration
e =3 -3+ C } :::T:el:jftolal condition
‘ r
=P -317+C=>C=1 ¥
-7 = x} =32 +1 Note: max 3 /6 [1-2-0-0-0] if no constant of
eV =—x*+3x2 -1 integration
Ty=in (_f H37 1) Note: 0/6 if no separation of variables
y==In(-x + 35> —1)

Note: This solution is valid on an interval containing
x =1 for which =x° +3x* =1> 0.
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dy _
2=

equation with the initial condition f(0) = 1. The function f is defined for all real numbers.

Consider the differential equation (3 — y)cos x. Let y = f(x) be the particular solution to the differential

(a) A portion of the slope field of the differential equation is given below. Sketch the solution curve through the
point (0, 1).

A
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L T T Y N N A A Y B | A A 0 O YO O
\\\\\\////160/1////\\\\\\

(b) Write an equation for the line tangent to the solution curve in part (a) at the point (0, 1). Use the equation to
approximate f(0.2).

(c) Find y = f(x), the particular solution to the differential equation with the initial condition f(0) = 1.
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dy

&

dx

Consider the differential equation — = (3 — y)cos x.

Let y = f(x) be the particular solution to the differential

equation with the initial condition f(0) = 1. The function f is defined for all real numbers.

(a) A portion of the slope field of the differential equation is given below. Sketch the solution curve through the

point (0, 1).

(b) Write an equation for the line tangent to the solution curve in part (a) at the point (0, 1). Use the equation to

approximate f(0.2).

(c) Find y = f(x), the particular solution to the differential equation with the initial condition f(0) = 1.

(2)

___________
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dy . .
(b) Tx =2cos0 =2 _ [ 1 : tangent line equation
(x. -")=.(°' h o "1 1 : approximation
An equation for the tangent line is y = 2x + 1.
fmz)m2m2)+1=14
(c) %=(3— y)eosx 1 : separation of variables
2 : antiderivatives
dy
-——=jcosxdx ; . z :
I-y 6: 4 1 :constant of integration

-In|3 - y|=sinx+C

~ln2=sin0+C => C=-In2
—In|3-y|=sinx-In2

Because y(0) =1, y<3,s0|3-y|=3~-»
3-y= Ze-sinx

y= 3 - ze-sinx

WNote: this solution is valid for all real numbers.

1 : uses initial condition
1 = solves for y

Note: max 3/6 [1-2-0-0-0] if no
constant of integration

Note: §/6 if no separation of variables
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Consider the differential equation % =2x—y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated,

2
(b) Find % in terms of x and y. Determine the concavity of all solution curves for the given differential

equation in Quadrant I, Give a reason for your answer.

(¢) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3,
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

(d) Find the values of the constants m and b for which ¥ = mx + b is a solution to the differential equation.
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Consider the differential equation % =2x—y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated,

2
(b) Find % in terms of x and y. Determine the concavity of all solution curves for the given differential
equation in Quadrant II. Give a reason for your answer.

(¢) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3,
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

(d) Find the values of the constants m and b for which ¥ = mx + b is a solution to the differential equation.

(ay ¥ 1 : slopes where x =0
2 -
1 :slopes where x =1

o 1 "

W /

dzy__ dy _ _ .dzy
(b) ?—2—5—2—(2x—y)—2—2x+y 9. 1.;&7

1 : concave up with reason
In Quadrant{f, x < 0 and ¥ >0, so 2—-2x+y > 0.

Therefore, all solution curves are concave up in Quadrant IT,

© %' =2(2)~-3=1#0 ]:cnnsidarsf—‘xyi
( »)=(2,9) 2: (= 2)=(2.3)
Therefore, f has neither a relative minimum nor a relative 1 : conclusion with justification

maximum at x = 2.

- dy _d - . d -
(d) y—mx-i-b:}dx—dx(mx-l-b)—m .. I.dx(mx+b)—m

2x—y=m N11:2x=y=m

2x—(mx+b)=m 1 : answer

(2—m)x—(m+b)=0
2-m=0>m=2
b=—m=>b=-2

Therefore, m =2 and b = 2.
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2
Consider the differential equation % = -x']f_—l
(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

(b) Let y = f(x) be the particular solution to the given differential equation with the initial
condition f(2) = 3. Write an equation for the line tangent to the graph of y = f(x) at x = 2.
Use your equation to approximate f(2.1). '

(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f (2) =3,
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2

Consider the differential equation % = -x']f_—l

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.
(b) Let y = f(x) be the particular solution to the given differential equation with the initial

condition f(2) = 3. Write an equation for the line tangent tothe graph of p = f(x) at x = 2.
Use your equation to approximate f(2.1).

(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f (2) =3,

@ y 5. 1 : zero slopes
"{ 1 : nonzero slopes

3

2 /

} y 4

3 "

of 1 2
dy B~ . .
= = =9 1 ; tangent line equation
ey 21

1 : approximation
An equation for the tangent lie is y = 9(x — 2) + 3.

F21)=9(2.1-2)+3 =39

(©) 1 —5dy = LI ax 1 ; separaticn of variables
2 : antiderivatives
J dy = j—dx | 5:4 1:constant of integration and
yz uses initial condition
—;:h]x—lHC 1 : solves for p
-3=h]2-1+C = C=-1 Note: max 3/5 [1-2-0-0] if no constant
1 ln|x—1]-— of integration
4 1 Note: 0/5 if no separation of variables
Ry ——
Loms-)
Note: This solution is valid for I < x < 1+ e'/3,
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Consider the differential equation d_} = 1‘4( y—2).
X - 3 .
(a) On the axes provided, sketch a slope field for the given
differential equation at the twelve points indicated.
(Note: Use the axes provided in the test booklet.) * 2 ¢
(b) While the slope field in part (a) is drawn at only twelve
points. it is defined at every point in the xy-plane. Describe . ' .
all points in the xy-plane for which the slopes are negative.
(¢) Find the particular solution y = f(x) to the given
differential equation with the initial condition f(0) = 0. i o 1 N
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Consider the differential equation % = x4{ y—2).

(a) On the axes provided. sketch a slope field for the given
differential equation at the twelve points indicated.
(Note: Use the axes provided in the test booklet.)

(b) While the slope field in part (a) is drawn at only twelve
points, it is defined at every point in the xy-plane. Describe
all points in the xy-plane for which the slopes are negative.

(c) Find the particular solution y = f(x) to the given
differential equation with the initial condition f(0) = 0.

. 3 .

- 2 -

- 1 -
X

-1 o 1

(@) ¢

1 : zero slope at each point (x. y)

where x =0or y =2

[ positive slope at each point (x, y)

e N - : where x #0and y > 2
1:
\ -+ \ negative slope at each point (x. y)
where x # 0 and y < 2
_\u\ 0 \i *
(b) Slopes are negative at points (x. ¥) I description
where x 2 0 and y < 2.
1 4 [ 1 :separates variables
© y—2 b =xdx 2 : antiderivatives
]11| y— 2| — %13 +C p 1 : constant of integration
'y 1 : uses initial condition
ly—2|= e 1 : solves for y
1 c L 0/1 if y is not exponential
y—2=Ke K =+*e
o=k =K Note: max 3/6 [1-2-0-0-0] if no
15 constant of integration
y=2-2e Note: 0/6 if no separation of variables
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Consider the differential equation i—} = x° (v—-1).
I

(a) On the axes provided. sketch a slope field for the given
differential equation at the twelve points indicated. -
(Note: Use the axes provided in the pink test booklet.)

(b) While the slope field in part (a) is drawn at only twelve points.
it is defined at every point in the xy-plane. Describe all points
in the xy-plane for which the slopes are positive.

(c¢) Find the particular solution y = f(x) to the given differential x

equation with the initial condition f(0) = 3.
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Consider the differential equation % =x? (y—1).

(a) On the axes provided, sketch a slope field for the given
differential equation at the twelve points indicated.
(Note: Use the axes provided in the pink test booklet.)

(b) While the slope field in part (a) is drawn at only twelve points,
it is defined at every point in the xy-plane. Describe all points
in the xy-plane for which the slopes are positive.

(c) Find the particular solution y = f(x) to the given differential

equation with the initial condition f(0) = 3.

(a) 2
A
A
—— 4 ——
'Y S
I 0 ™

(b) Slopes are positive at points (x. y)
where x # 0 and y > 1.

1 2
C dy = x~dx
(<) 1 )
h1|1—1|:%.r3+0
13
=X
|y —1]=efe
yv—1=Ke? K =+
2=k’ =K
y=1+2e3

[ 1 :zero slope at each point (x. y)
wherex=0o0r y =1

[ positive slope at each point (x. )

k2

where x # 0and y > 1

negative slope at each point (x. y)

where x # 0and ¥ < 1

1 : description

[ 1 : separates variables

2

: antiderivatives
: constant of integration
: uses initial condition

T

: solves for y

0/1 if y is not exponential

Note: max 3/6 [1-2-0-0-0] if no constant of

integration
Note: 0/6 if no separation of variables
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. s : .oody 1+ y
Consider the differential equation d—i = where x # 0.
(a) On the axes provided. sketch a slope field for the given differential equation at the eight points indicated.

(Note: Use the axes provided in the pink exam booklet.)

—_—
—
[R*E 3

|
[R*E 2
|

(b) Find the particular solution y = f(x) to the differential equation with the initial condition f(—1) =1 and
state its domain.
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. - . . d l+y
Consider the differential equation d_{ = Y Wwhere x # 0.

(a) On the axes provided. sketch a slope field for the given differential equation at the eight points indicated.
(Note: Use the axes provided in the pink exam booklet.)

—
—
[R*X 3

|
[R*F 3
|

(b) Find the particular solution y = f(x) to the differential equation with the initial condition f(—1) =1 and

state its domain.

(a) 2 : sign of slope at each point and relative
v steepness of slope lines in rows and
1 columns

1 1 .
(b) ——dv=—dx 1 : separates variables

1+ X

[ ]

: antiderivatives

In|1+ y| = In|x|+ K 6:+ 1:constant of integration
1 : uses inifial condition

1+ | = P+ K .. 1 :solves for y
1+y = C|x| Note: max 3/6 [1-2-0-0-0] if no
T constant of integration
1+ =2|x| Note: 0/6 if no separation of variables
y=2|x|-1and x <0

or . 1: domain

y=-2x—1land x <0
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