AP FRQ Review — Mr. Rich Name: Per: Seat:
AP Calculus AB
Topic 7: Implicit Differentiation

Consider the curve given by the equation y* - xy = 2. Tt can be shown that ii—#y = 2y 3
y ==

(a) Write an equation for the line tangent to the curve at the point (-1, 1).
(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

2
(c) Evaluate % at the point on the curve where x = -1 and y = 1.
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Consider the curve given by the equation »* — xy = 2. It can be shown that )

y__y
dx 3y2—x

(8) Write an equation for the line tangent to the curve at the point (-1, 1).

(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

dzy

(c) Bvaluate ?

at the point on the curve where x =—1 and y =1.

@ U
-1y 3(1) — (1)

-

(2)
An equation for the tangent line is y = %(x +D)+1.

® 33 -x=0= x=3y"
So, Y —xp=2 =>y3—(3y3](y)=2=> y=-1

(1P -x(-1)=2 = x=3

The tangent Jine to the curve is vertical at the point (3, -1).

£y (3 - x)% - y(ﬁy% - 1)

(©

P (3 - =)
2y -(3-13—(—]))-%—l-{é-l-%—l)
A |5,y (32 -y

j-L

- 2_1

TRk

4.

23 1 :slope

"1 1 : equation for tangent kine

1:sets 3y2-:r =0
3:4 1:equation in one variable
1 : coordinates

2 : implicit differentiation
1: substitution for %
1 : answer
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Consider the curve defined by 2y* + 622y — 1222 + 6y = 1.

dy  4xr -2y

dr 22+ 241

(b) Write an equation of each horizontal tangent line to the curve.

(a) Show that

(c) The line through the origin with slope —1 is tangent to the curve at point P. Find the =
and y—coordinates of point P.
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Consider the curve defined by 2y + 622y — 1222 + 6y = 1.

dy dr — 2xy

Show that — =
(a) Show tha p;

r 24yt

(b) Write an equation of each horizontal tangent line to the curve.

(¢) The line through the origin with slope —1 is tangent to the curve at point P. Find the 2

and y—coordinates of point P.

dy dy dy
61° == + 62° == + 122y — 24 + 6= =0
(a) yd$+ :Edw—l- Ty T + o

dy . o 2

a(ﬁy + 6x* 4+ 6) = 24z — 122y

dy 24r — 122y dr — 2xy

(b)

dr ~ 622+ 62 +6 22 +y2 41

dy
dx
dr —2zy=2x(2—-y)=0

=0

r=0 or y=2

When = =0, 2y*4+6y=1; y=0.165
There is no point on the curve with

y coordinate of 2.

y = 0.165 is the equation of the only
horizontal tangent line.

y = —= is equation of the line.

2(—z)* 4 627 (—z) — 122% + 6(—2) = 1
—82% ~122% 62 -1=0

r=-1/2, y=1/2

—or—
dy _
dz

dp—2py=—2? —y> -1

dr+22% =2 2?1
42’ +4x+1=0
33:—1/2._ y:l/Q

—or—

1: verifies expression for d_

1:
1:

1:

1:

1:  implicit differentiation

dy
T

dy

1: scts—‘:CI

dz
dy

1: solves —= =0
dx

1: uses solutions for z to find equations

of horizontal tangent lines

1: wverifies which solutions for y yield

equations of horizontal tangent lines

Note: max 1/4 [1-0-0-0] if dy/dx = 0 is not
of the form g(z,y)/h(z,y) = 0 with solutions
for both = and y

y=-z

substitutes y = —z into equation
of curve

solves for  and y

dy
‘t-|__ 1
5de$_

dy
bstitutes y = —z into —=
5u51ucsy .'.'..ll]Od:E

solves for r and y

Note: max 2/3 [1-1-0] if importing
incorrect derivative from part (a)
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Consider the curve given by zy> — 2’y = 6.
d 3zly —y°
(a) Show that o _ yiys
dx 2oy — o
(b) Find all points on the curve whose z-coordinate is 1, and write an equation for the tangent line at
each of these points.

(¢) Find the z-coordinate of each point on the curve where the tangent line is vertical.
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Consider the curve given by zy> — 2’y = 6.
d 3zly —y°
(a) Show that o _ yiyi
dx 2oy — o
(b) Find all points on the curve whose z-coordinate is 1, and write an equation for the tangent line at
each of these points.

(¢) Find the z-coordinate of each point on the curve where the tangent line is vertical.

3 dy 3 5 dy 1 implicit differentiation
S 2ey— —3zxy -z —=0
(a) "+ 2y — 3wy — " - 5

1 : verifies expression for dy
dz

dy 3 9 9
—(2xy — =3y —y
dx( zy —2°) = 3z’y — y
dy 32’y — o’
dz 2y — z*

(b) Whenz=1, > —y =6 1: ¥ —y=6
v —-y—6=0 4 1 1: solves for y
(y—=3)y+2)=0 2 : tangent lines
y=3,y=-2 Note: 0/4 if not solving an equation of the

dy 9-9 form > —y =k
At (L3), == —-=10
L3 = 5-1

Tangent line equation is y = 3

dy —-6-4 —10
dr —-4-1 -5
Tangent line equation is y + 2 = 2(z — 1)

At (1,-2),

(¢) Tangent line is vertical when 2zy — 2’ = 0 1: sets denominator of j_y equal to 0
T
. 1,
x(2y _ :cj) —0 givessz=0or y = %xﬂ 5 1: substitutes y = §x- or x = +4/2y

into the equation for the curve

There is no point on the curve with .
1: solves for z-coordinate

r~coordinate 0,

T 1 2 1 - l o
\-Eheny_gsc: 4.’}3 2:{: =6
1 .
g =6
4;&
z=~~24
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The function fis differentiable for all real numbers. The point (3%) is on the graph of

y = f(«z), and the slope at each point (z,y) on the graph is given by z:_u =2 (6—22).
&I

(a) Find ‘i?j and evaluate it at the point (3%)
dzr* 4

(b) Find y = f(r) by solving the differential equation % = y? (6 — 22) with the initial
T

condition f(3) = 1
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The function fis differentiable for all real numbers. The point (3%] is on the graph of

y = f(«z), and the slope at each point (z,y) on the graph is given by z"_u =2 (6—22).
&I

2

(a) Find d ;’ and evaluate it at the point (3%)
dxr” 4
(b) Find y = f(r) by solving the differential equation % = y? (6 — 22) with the initial
x
1
condition f(3) = 1
|
d’y dy L d%
(a) EI‘Ig=29 I(ﬁ—zf)—zﬁ 2 -
= 2436 — 20)% — 24° 5 < —2 > product rule or
- chain rule error
2 2
ﬂ = 0_2(1) :_l 1 : value at (31)
drg (o 11 4, 8 4,
135)
1
(b) —dy =(6—2z)dr _ )
¥ 1 : separates variables
1 : antidenvative of dy term
- ; —6r—a2 +C 1 : antiderivative of dr term
- 61 1- constant of mtegration
—4=18-04C=09+0C 1 : uses nitial condition f(3) = %
C = —13 1 : solves for y
y = ! Note: max 3/6 [1-1-1-0-0-0] if no
YT 6t 13 - e

constant of integration

Note: 0/6 if no separation of variables
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. : 2 2 -
Consider the curve given by x° + 4y~ =7 + 3xy.

) d}} . 3.1,-‘ —2x
(a) Show that dx Sy —3x’

(b) Show that there is a point P with x-coordinate 3 at which the line tangent to the curve at P is
horizontal. Find the y-coordinate of P.

2 7

. d-y . . .
(¢) Find the value of —=- at the point P found in part (b). Does the curve have a local maximum. a
dx”

local minimum. or neither at the point P ? Justify your answer.
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. : 2 2 -
Consider the curve given by x° + 4y~ =7 + 3xy.

dy 3y —2x

a) Show that — = ——.
@) dc 8y —3x
(b) Show that there is a point P with x-coordinate 3 at which the line tangent to the curve at P is

horizontal. Find the y-coordinate of P.

. d’y . . .
(¢) Find the value of —5 at the point P found in part (b). Does the curve have a local maximum. a
dx
local minimum. or neither at the point P ? Justify your answer.

(a) 2x +8yy =3y + 3xy ). [ 1:implicit differentiation
(8y —3x)y"=3y—2x ~ | 1:solves for '
s 3y —2x
Y 8y —3x
3y —2x [, dy
—— =0 3y—-2x=0 1: —=0
0 =0 ‘ Y

371 1 shows slope is 0 at (3. 2)
When x = 3. 3y _1:shows (3. 2) lies on curve

J}

1l
| S )

32 +42%7 =25 and 7+ 332 =25

Therefore. P = (3. 2) is on the curve and the slope

is 0 at this point.

i 7

© d’y _ (8y—3x)(3y"—2) - (3y — 2x)(8y" - 3) L. d7y
dx’ (8y — 3:«')2 dx*
- 4: 2.,
At P =(3.2) d’y _ (16 -9)(=2) __2 1 : value ofd—2 at (3. 2)
) s - dx

d* (16 -9)°

) , " 1 : conclusion with justification
Since ¥y =0 and y < 0 at P, the curve has a local

maximum at P,
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: - 2
Consider the curve given by ¥~ = 2 + xy.

gt oY
(a) Show that a2y —x

. . . 1
(b) Find all points (x. ¥) on the curve where the line tangent to the curve has slope -

(c) Show that there are no points (x. ) on the curve where the line tangent to the curve is horizontal.

(d) Let x and y be functions of time f that are related by the equation y2 =2+ xy. Attime f = 5, the

. . dy . . - dx , s
value of y is 3 and i 6. Find the value of ar at time f = 5.
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: - 2
Consider the curve given by ¥~ = 2 + xy.

gt oY
(a) Show that a2y —x

. . . 1
(b) Find all points (x. ¥) on the curve where the line tangent to the curve has slope -

(c) Show that there are no points (x. ) on the curve where the line tangent to the curve is horizontal.

(d) Let x and y be functions of time f that are related by the equation y2 =2+ xy. Attime f = 5, the

. . dy . . - dx , s
value of y is 3 and i 6. Find the value of ar at time f = 5.

(@) 2yvy =y+xy S { 1 : implicit differentiation
(2y—x)y =y ~ 1 1:solves for y’
’ ¥
) =
? 2y—x
J} _ l i . }.1 _ l
®) 2y—x 2 3:‘1'2_1-'—1- 2
2y=2y—x | 1 :answer
X =
y=t2
(0.42). (0. ~42)
7 .
g —2 =0 1:vy=0
2y —x 2 :
= o ~ | 1: explanation
}} =
The curve has no horizontal tangent since
0% % 2+ x-0 for any x.
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